A truncation error of the interpolant is considered for a class of particle methods, which can describe Smoothed Particle Hydrodynamics (SPH). Owing to sufficient conditions of the weight function and a regularity of the family of discrete parameters, a truncation error estimate of the interpolant is established for a class of particle methods based on the Voronoi decomposition. Moreover, some numerical results are shown, which agree well with theoretical ones.
Introduction
Particle methods such as Smoothed Particle Hydrodynamics (SPH) [1] or Moving Particle Semi-implicit (MPS) [2] are widely used for numerical simulations like flow problems with moving boundaries. On the other hand, there are just a few studies of numerical analysis of particle methods. For example, error estimates of a particle method for partial differential equations related to the vortex method have been established in Raviart [3] , Ben Moussa-Via [4] , and Ben Moussa [5] . Particle volumes in [3] [4] [5] are defined by using solutions of differential equations with respect to given flow fields. Therefore, the dependence of their particle volumes on flow fields is different from those in practical computations such as SPH and MPS. As another example, truncation error estimates of approximate operators of the gradient of MPS have been established in Ishijima-Kimura [6] . The indicator of particle distributions used in [6] cannot be generally computed. Therefore, it is difficult to confirm whether particle distributions are valid or not. Consequently the error estimates mentioned above are not appropriate for practical computations. We therefore focus our attention on establishment of numerical analysis to be applicable for practical numerical simulations.
In this paper, we consider the truncation error estimate of an interpolant of a class of particle methods that can describe SPH. The interpolant is defined by a linear combination of weight functions with compact support corresponding to particles distributed in a domain. Then the coefficients of the linear combination are determined by values of interpolated function at particles and by particle volumes based on the volume of domain, the number of particles, or weight functions.
As related results on error estimates of interpolants of particle methods, there exist truncation error estimates of interpolants by Radial Basis Function (RBF); see, for example, Wendland [7] and references therein. However, since coefficients of the interpolant by RBF are determined by solving linear equations derived from the condition of the Lagrange interpolants, these error estimates cannot be applied to the interpolant in case of practical computations like SPH and MPS. On the other hand, some error estimates applicable for practical computations have been discussed only from the engineering point of view; see, for example, Amicarelli [8] .
In our estimate, first, sufficient conditions of weight functions are proposed. The conditions enable us to choose unconventional weight functions, for example, spike functions in the subsequent numerical experiments as well as conventional ones used in SPH. Second, a regularity of the family of particle distributions and influence radii is introduced. This regularity enable us to confirm whether the family is valid or not because the indicator of the particle distributions introduced in the regularity can be computed practically. Third, the particle volume is set by the Voronoi volume. Due to the limit of pages, we consider other particle volumes in a forthcoming paper, which are treated as the extension of the Voronoi one. Then these three facts lead to a truncation error estimate of the interpolant. In case of weight functions used in SPH, the convergence rates are at most second order with respect to the influence radius. Moreover, some numerical results are shown, which agree well with theoretical ones.
An outline of this paper is as follows. In Section 2, we introduce the interpolant of the particle method. In Section 3, after proposing a regularity of the family of discrete parameters, we state a truncation error estimate of the interpolant. In Section 4, we prove the main result. In Section 5, we show some numerical results. Finally, in Section 6, we give concluding remarks.
In the rest of this section, we prepare notation and function spaces. Let R + , R + 0 , and N 0 be the set of positive real numbers, the set of nonnegative real numbers, and the set of nonnegative integers, respectively. Let ω be a domain in
be the space of functions in C(ω) with derivatives up to the kth order and | · | C k (ω) and ∥ · ∥ C k (ω) denote their semi-norm and norm defined by
Formulation
Let Ω be a bounded domain in R d (d ∈ N) with piecewise Lipschitz continuous boundary. For Ω and H ∈ R + , a domain Ω H is defined by
For H and N ∈ N, let X N,H be a set of points
Hereafter we call x i a particle and X N,H a particle distribution. An example of the particle distribution is shown in Fig. 1 . Set W by
For w ∈ W , we consider the following hypothesis:
For w ∈ W and h (0 < h < H), set w h by
Hereafter we call w and h a weight function and an influence radius, respectively.
x i σ i Fig. 2 . The Voronoi decomposition of Ω H for the particle distribution in Fig. 1 .
Let W h be the linear span of ϕ i . For x i ∈ X N,H , let σ i be the Voronoi cell defined by
is called the Voronoi decomposition and its example is shown in Fig. 2 . Set a particle volume V i (i = 1, 2, . . . , N ) by V i := meas(σ i ). Then we define the interpolant
Truncation error estimate
For X N,H , we define an indicator r v by
For h (0 < h < min{1, H}) and N , a family {(X N,H , h)} is said to be regular if there exists a constant c 0 (> 0) and m (≥ 1) such that for all the elements in
In addition, m in (3) is said to be a regular order of {(X N,H , h)}. Now, we state the main result in this paper. 
Proof of Theorem 2
Hereafter we use c as a positive generic constant independent of N and h. Before beginning the proof, we prepare an operator Π h : 
Lemma 6 Assume
Proof For y ∈ R d and r ∈ R + , let B r (y) be an open ball in R d with the center y and the radius r.
(Ω H ), and y ∈ B h (x), we obtain the Taylor expansion of v
where R n is the residual defined by
Here, for all α such that |α| = 1, we have ∫
We multiply the both sides of (6) with n = k + 1 by w h (|x − y|) and integrate it over B h (x) with respect to y. Then, owing to w ∈ W , Hypothesis 1, and (7), we have
By w ∈ W , (1), and the substitution z = (x − y)/h, it holds
Then we conclude (5).
(QED)
Proof of Theorem 2
The left hand side of (4) can be split into the three terms as follows:
where E 1 and E 2 are defined by
respectively. Fix x ∈ Ω. By (6) with n = 0, the definitions (1) and (2), and the substitution z = (x − y)/h, we have
Hence, owing to (3), we obtain
For y ∈ Ω H and r ∈ R + , set Λ(y, r) by Λ(y, r) :
Then we estimate
) . Hence, owing to (3), we obtain
By combining Lemma 6 and the estimates of E 1 and E 2 , we conclude (4). 
Numerical results
We show some numerical results corresponding to Theorem 2. Let Ω = (0, 1)
2 . We consider two functions as v: Case 1 is v(x, y) = (x − 0.5) 4 + (y − 0.5) 4 and Case 2 is v(x, y) = sin(2π(x + y)).
Set H = 0.1 and
Here ξ Fig. 4 shows the graphs of the relative errors
versus h. The slopes of triangles show the theoretical convergence rates O(h 2 ) and O(h 4 ) derived from Theorem 2. Table 1 shows numerical convergence rates obtained from the slopes of the relative errors between ∆x = 2 −11 and 2 −12 . Fig. 4 and Table 1 show that the numerical convergence rates agree well with theoretical orders.
Concluding remarks
We have estimated the truncation error of the interpolant for a class of the particle methods, which can describe SPH. We have introduced sufficient conditions of weight functions, a regularity of the family of particle distributions and influence radii, and particle volumes based on the Voronoi decomposition. Then we have established a truncation error estimate of the interpolant for a class of particle methods based on the Voronoi decomposition. In the case of the weight functions used in SPH, the convergence rates are at most second order. Moreover, we have confirmed that numerical convergence rates agree well with the theoretical ones.
In a forthcoming paper, we estimate truncation errors of the interpolant and approximate differential operators for a class of particle methods with more general particle volumes.
